The integration of renewable distributed generation into distribution systems has been studied comprehensively, due to the potential benefits, such as the reduction of energy losses and mitigation of the environmental impacts resulting from power generation. The problem of minimizing energy losses in distribution systems and the methods used for optimal integration of the renewable distributed generation have been the subject of recent studies. The present study proposes an analytical method which addresses the problem of sizing the nominal power of photovoltaic generation, connected to the nodes of a radial distribution feeder. The goal of this method is to minimize the total energy losses during the daily insolation period, with an optimization constraint consisting in the energy flow in the slack bus, conditioned to the energetic independence of the feeder. The sizing is achieved from the photovoltaic generation capacity and load factors, calculated in time intervals defined in the typical production curve of a photovoltaic unit connected to the distribution system. The analytical method has its foundations on Lagrange multipliers and relies on the Gauss-Jacobi method to make the resulting equation system solution feasible. This optimization method was evaluated on the IEEE 37-bus test system, from which the scenarios of generation integration were considered. The obtained results display the optimal sizing as well as the energy losses related to additional power and the location of the photovoltaic generation in distributed generation integration scenarios.
Introduction
The smart grid concept has as premise the stimulus of the adoption of more efficient technologies which should contribute to the reduction of technical losses and the mitigation of negative environmental impacts derived from the operation of the current electrical system [1] , for example, greenhouse gas emission (GGE) mitigation, for the energy input in the distribution system. In this context, distributed generation (DG) plays a leading role in boosting the adoption of renewable energy sources in the system, such as photovoltaic generation (PV). The inherent relations between DG and smart grids, in addition to the roles of consumers in demand response mechanisms, have become the theme of discussions and scientific research [2] . It is important to highlight that when accounting for the energy losses, environmental impacts related to distribution systems cannot be neglected, since they contribute to total GGE, adding to the electric power generation and transmission segments [3] . From this perspective, when traditional distribution system planning adopts strategies to integrate DG, the analysis of efficiency and quality aspects, such as meeting voltage levels and loading limit standards, as well as power flow and grid losses analyses, must be expanded. In addition, in order to achieve a higher level of benefits from the integration of DG into the power grid, proper optimization techniques must be applied in order to better size the generation, handling problems that may contain multiple objectives and present specific constraints.
The topic of optimum dispatch in transmission systems has been discussed since the 1960s, as in [4] , where Lagrange multipliers were used for the calculation of the optimal generated power division, based on the incremental cost principle. However, only an approximate calculation for transmission system losses was made, a measure which is well known to influence the results. A similar analysis was carried out in [5] , using the Lagrange method applied to economic generation programming. In that study losses calculations were obtained by applying an equation for the bus impedance matrix (Z bus ), which relates losses to the net power input in each bus. The same problem was approached in [6] , aiming to optimize losses by minimizing the power provided by the slack bus. The use of methods based on Z bus in distribution systems, although possible, displays characteristics which can hinder the process. In these systems, the bus admittance matrix (Y bus ) is usually singular, which makes it impossible to obtain the Z bus matrix through its inversion. On the other hand, obtaining the Z bus matrix by using a direct algorithm is computationally costly. The gradient method, using constant pitch and applying the Newton-Raphson method, by calculating the Hessian matrix, was used in [7] , where the Lagrange method was also used for the iterative solution of the optimal generation resource sizing problem. However, the fact that the Hessian matrix is singular in a larger distribution network is an obstacle for the application of this method.
The methods used for the optimal integration of renewable DG in distribution networks have been critically reviewed in recent articles. In [8] , the authors review conventional techniques and metaheuristic algorithms for optimal DG planning in distribution networks, while also reviewing and performing a comparative analysis of the analytical techniques used for optimal DG integration. Motivators and challenges for DG increase are addressed in [9] , as well as a general review of optimization methods used for DG planning and integration, focusing on optimum DG allocation and sizing. A taxonomic revision of DG planning in distribution systems is presented in [10] , based on a comprehensive comparative performance classification for several IEEE test systems, artificial intelligence computational techniques, conventional optimization techniques for optimal DG planning in distribution networks, from several papers. A comprehensive review of DG allocation was carried out in [11] , from the viewpoint of classification and comparison of several objective functions and their constraints, aiming to minimize power or total energy losses, improving the voltage profile and financial optimization for DG penetration. The authors of [11] also compare applied methods and optimization algorithms, such as classical approaches, basic research methods, algorithms inspired by physics or social relationships, nature-inspired techniques and hybrid intelligent algorithms.
Thus, the optimal allocation and sizing problem for renewable DG has been continuously studied. Several different approaches have been applied to minimize total energy power losses in distribution networks. Many studies discussing the optimal dispatch for distribution system problems use metaheuristics such as algorithm and as an approach technique. A genetic algorithm is used in [12] for optimal DG allocation and sizing; in [13] , for optimal location and sizing of distributed PV generations, with battery storage systems; in [14] , it is applied to a fuzzy-based model, to approach the uncertainty and load variability problem. The stochastic nature of the PV generation penetration problem is also treated in [15] , which proposes a stochastic power flow and a solution from a probabilistic model. Other metaheuristics, such as the artificial bee colony algorithm [16, 17] , the particle swarm optimization [18, 19] and the grey wolf optimizer [20] methods, as well as the ant lion optimizer [21] Energies 2019, 12, 1728 3 of 19 algorithm, are currently used for optimal DG sizing, aiming to minimize distribution network losses. However, the metaheuristics demand the performance of a high number of load flow calculations with the aim of providing satisfactory results for a problem, with no guarantee of optimality.
Analytical methods also have been proposed for the renewable DG integration problem. In [22] , the Newton-Raphson numerical method is used to solve the non-linear system of the problem, which comprises generator integration with the objective of reducing both energy losses and generation costs. Initially, the study searches for the generator installation site through a simplified full-mixed programming model and uses a numeric method for generation sizing. In [23] , an analytical method is proposed, in which a power flow for optimal sizing and allocation of several DG types is used to minimize losses by the calculation of the partial differentials of active losses. In [24] , the analytical method aims to minimize the losses associated to the active and reactive components of the current inputted by the DG.
In this context, the present study proposes an analytical method that addresses the problem of the sizing of nominal powers of multiple PV generation units connected to a radial distribution feeder, in order to minimize total energy losses during the daily insolation period. This sizing is defined considering the typical production curve for a PV unit connected to the system and the typical distribution feeder load curve. From these curves, the proposed method uses a PV generation capacity and load factors, calculated in time intervals defined by daily insolation periods. Thus, the proposed methodology examines the energy losses throughout the entire cycle of the curve, not only minimizing total power losses at a load or PV generation demand peak. The analytical method was evaluated based on Lagrange multipliers and an iterative algorithm was developed using the Gauss-Jacobi method. Therefore, the highlights of this study are:
•
The application of Lagrange multiplier optimization along with the Gauss-Jacobi method to obtain a feasible solution.
The assembly of the optimization problem by using the Lagrange augmented objective function, combined with a tree gradient calculation [25] for radial distribution systems.
The determination of generator optimal nominal power considering a variable PV generation capacity and load factors during the insolation period.
The proposed optimization method is based on gradients, with higher convergence rate-by not using the arbitrary step (gradient method)-and less computational effort, since it does not use the Hessian matrix (Newton's method).
The use of an energy balance limit as a constraint for the problem, minimizing the slack bus flow and leading to the energetic feeder independence.
This study has the following structure: Section 2 presents the approach to the PV generation integration problem and distribution system energy losses balancing; Section 3 contains the proposed methodology and the procedures to solve the problem; Section 4 presents the evaluation of the method using an IEEE 37-bus test system and presents and discusses the simulation numerical results; and Section 5 discusses the conclusions of the study.
Problem Approach

Photovoltaic Generation Integration
The photovoltaic (PV) generation integration problem in distribution system has been addressed in some countries by regulations. Concerning Brazil, the Normative Resolution from the Brazilian Electricity Regulatory Agency-ANEEL, according to [26] , establishes the general conditions for accessing the distributed generation of electrical power, and limits the installed generation power to that made available to the consuming unit where the DG will be connected. In this way, the available power, which the distributor electrical system must provide to consumers is a constraint to the nominal generation power problem installed by the prosumer, given as:
where P DGNk is the DG k-th nominal power and P Ak is the power which the distributor should provide to the k-th load bus. The ratio limit, rt, determines the DG power from the limits for the relation between P DGNk and P Ak for the consuming unit. In the Brazilian resolution, this relation is equal to 1.0. PV generation capacity is commonly used in the DG integration problem as the ratio between the electrical power generated in kWh and the nominal kWh generation capacity. To determine the optimal nominal generator power, a generation factor variable throughout the insolation period was considered. The hourly PV generation capacity factor was calculated for each ∆t i , time interval from a daily production curve, Figure 1 , of a real PV system connected to a local distribution feeder:
where CF i is the PV generation factor calculated for the i-th ∆t i time interval; ∆PG k is the mean value for the active power inputted by the k-th PV generator, calculated from the discrete area defined by the ∆t i interval; P DGNk is the k-th PV generator during the total insolation period; and ∆t i is the time frame of a total insulation period fraction, as displayed in Figure 1 . The typical daily production curve adopted comes from the PV generation system connected to the distribution feeder located in Northeastern Brazil. where PDGNk is the DG k-th nominal power and PAk is the power which the distributor should provide to the k-th load bus. The ratio limit, rt, determines the DG power from the limits for the relation between PDGNk and PAk for the consuming unit. In the Brazilian resolution, this relation is equal to 1.0. PV generation capacity is commonly used in the DG integration problem as the ratio between the electrical power generated in kWh and the nominal kWh generation capacity. To determine the optimal nominal generator power, a generation factor variable throughout the insolation period was considered. The hourly PV generation capacity factor was calculated for each Δti, time interval from a daily production curve, Figure 1 , of a real PV system connected to a local distribution feeder:
where CFi is the PV generation factor calculated for the i-th Δti time interval; ΔPGk is the mean value for the active power inputted by the k-th PV generator, calculated from the discrete area defined by the Δti interval; PDGNk is the k-th PV generator during the total insolation period; and Δti is the time frame of a total insulation period fraction, as displayed in Figure 1 . The typical daily production curve adopted comes from the PV generation system connected to the distribution feeder located in Northeastern Brazil. 
Load Modeling
Depending on voltage variations, loads can be classified as constant power or constant impedance loads in distribution system modelling [27] . In the first case, the power consumed by the load is constant, regardless of the voltage at the bus. In the second case, the consumed power varies with the squared value of the voltage. On a typical operation scenario, the distribution network nodes present voltages that are lower than the system's nominal voltage. This way, the voltage dependent loads require, from the network, powers that are lower than their nominal power. However, on scenarios with lower voltages, the constant power loads require higher loading from the distribution network. The appropriate representation of the load has a direct effect on the load flow results, whereby constant power modelling being the most critical representation, regarding to voltage drops. For this reason, it was adopted for this study.
A variable load factor calculated during the insolation period, was considered for load modelling, in order to evaluate the constant power load values in each one of the distribution system buses. Therefore, the feeder's typical load curve and production curve are taken in account, Figure 1 , with the demand value being observed in each time interval, throughout the whole insolation period. In this way, the load factor is defined as the ratio between the average demand in each interval and the distribution feeder's peak demand, observed in each Δti interval throughout the insolation period, as follows: ∆ Figure 1 . Daily power production curve for a real 84.2 kWp PV unit connected to a local distribution feeder.
A variable load factor calculated during the insolation period, was considered for load modelling, in order to evaluate the constant power load values in each one of the distribution system buses. Therefore, the feeder's typical load curve and production curve are taken in account, Figure 1 , with the demand value being observed in each time interval, throughout the whole insolation period. In this way, the load factor is defined as the ratio between the average demand in each interval and the distribution feeder's peak demand, observed in each ∆t i interval throughout the insolation period, as follows:
where LF i is the feeder's load factor calculated in the i-th ∆t i interval of the insolation period; ∆D i is the feeder's average demand calculated in the i-th ∆t i interval for the time period; and D max is the feeder's peak distribution demand for the insolation period.
Energy Losses in Distribution Systems
The losses of total active power for a radial distribution feeder is calculated as the sum of each transmission line stretch active power losses, by:
in which, NB is the total branches and LP j is the active power loss in the j-th branch. The definitions suggested in [27] are adopted, where the branch number j is the same as the final node j connected to the branch, for j = 1, 2, . . . , NB.
The active power loss in each branch can be calculated as in [27, 28] , though:
where R j is the resistance in the j branch e V j is the voltage magnitude in the j-th node. The P j and Q j terms are, respectively, the sum of the active and reactive power, calculated according to the network elements and components connected downstream to the j node, as defined in:
where PG is the inputted PV generator power sum; Qcap is the input capacitor bank power sum; PL and QL are the sum of active and reactive loads at constant power; and LP and LQ are the sum of active and reactive power losses in the transmission lines.
The following signal convention must be adopted in (6) and (7), concerning the injected powers and the powers consumed by the loads and in the form of line losses: : The convention adopted above is used, throughout the development of the method proposed, for the input of injected power and consumed power data.
From the equivalent system presented in Figure 2 , and according to development in [27] , the voltage magnitude in the j-th node, V j , is calculated from the bi-squared equation, which relates the known voltage in the source side node, s, with the voltage in the load side node, or receiving node, j, as in (8): where R j and X j are, respectively, the resistance and reactance of the j branch and vs. is the known voltage magnitude at the s-th node. The deduction of the bi-squared Equation (8), is presented in the Appendix A, in accordance with [27] .
The convention adopted above is used, throughout the development of the method proposed, for the input of injected power and consumed power data.
From the equivalent system presented in Figure 2 , and according to development in [27] , the voltage magnitude in the j-th node, Vj, is calculated from the bi-squared equation, which relates the known voltage in the source side node, s, with the voltage in the load side node, or receiving node, j, as in (8):
where Rj and Xj are, respectively, the resistance and reactance of the j branch and vs. is the known voltage magnitude at the s-th node. The deduction of the bi-squared equation, (8) , is presented in the Appendix A, in accordance with [27] . The total active power losses can be rewritten from (4) and (5) as:
The total energy losses (E loss ) is defined in this study as the sum of the total active power losses product by each ∆t i interval, in NI time intervals and is presented as:
where i is the insolation interval position NI is the total of time intervals in an insolation period defined in Figure 1 , for i = 1, 2, . . . , NI.
Replacing (4) in (10), the distribution feeder energy losses is calculated as:
Proposed Methodology
The proposed optimization method is structured around the calculation of the gradient vector of the energy losses, E loss in relation to the nominal powers of the generators, P DGNk , according to the tree gradient formulation for radial feeders developed in [25] . In addition, the method uses Lagrange multipliers as the optimization technique [29] , based on the augmented objective function, the Lagrangian function, and its solution is achieved by the iterative Gauss-Jacobi method. The analytical approach proposed herein presents a better convergence rate guarantee as it does not used arbitrary steps, as in the gradient method presented in [25] . Furthermore, it requires low computational effort, since it does not assemble the Hessian matrix, as, e.g., by Newton's method.
Gradient of Total Power Losses
The gradient vector is obtained by differentiating total power losses, from (9) , with respect to the nominal power of the k-th generator connected to the distribution feeder, P DGNk , defined as the control variables of the problem. Adopting the chain rule, the gradients, ∂P loss ∂P DGNk can be decomposed in terms of the effectively generated power in the k-th generator, PG k , as:
For calculation purposes, the second term of the decomposition,
, is treated as: where the generation capacity factor calculation, CF i , was defined in (2), and is calculated for each PV generator, as a discrete factor in time, from the area defined for each ∆t i interval in Figure 1 . Regarding the CF i calculation, the maximum power value produced by generator PV, during the insolation period presented in the curve displayed in Figure 1 , is used as a replacement for P DGNk .
Isolating the partial derivative of the total power losses in relation to the power generated by the k-th connected generator, ∂P loss ∂PG k , the first term, presented in (12) , based on (6), (7) and (9), the following expression is obtained:
where NBd is the number of branches connected downstream to the j bus; and factor f jk equals 1, if the k bus is located downstream to the j bus; when this does not occur, it equals 0.
To calculate the derivative
should be known. Thus, isolating V 2 j from (8), the following expression is obtained:
Calculating the partial derivative of V 2 j in relation to PG k , the following expression is defined:
where
Considering that NBd m=1
NBd m=1
∂Qcap m ∂PG k = 0, due to the adoption of constant power loads in the distribution system modelling, the terms
, are explicitly determined as:
Energy Losses Minimization
Defining the objective function as the energy losses (E loss ) in the distribution feeder during the insolation period, as seen in (11), we have:
Differentiating E loss , from (17) in relation to P DGNk and decomposing it according to the chain rule in terms of PG k , leads to:
From the definition in (13), using CF i , the expression may be rewritten as:
or:
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The minimization problem is subject both to the limit determined in (1) and to an energy balance limit, minimizing the energy flow in the slack bus. With the objective to avoid that a DG insertion threshold is overcome, and with the possibility of appearance of two-way power flows in the slack bus, this article suggests the constraint that tries to avoid the reverse power flow in the substation bus. Also, this constraint seeks power independence from the distribution feeder. Thus, the reverse flow constraint in the distribution feeder's slack bus is defined according to the inequality:
in which the distribution feeder's net energy, calculated in the ∆t i intervals, for the NI divisions of the insolation period, is restricted. This way, according to the inequation presented in (21) , if the power injected by DG during the insolation period is equal to the active power consumed by the loads and by the distribution feeder (the latter one in the form of energy losses), the feeder's power independence will take place. For this problem displaying inequality constraints, a slack variable must be inputted (s), associated to the inequality constraint (21) , as defined in [29] , in order to transform the inequality constraints in equalities. Thus, the constraint becomes:
Assuming that it is possible to assure the control variables as a feasible solution, an active inequality constraint is imposed to the solution, according to [29] or, also, s = 0. Thus, the problem may be solved using Lagrange multipliers and, therefore, the augmented objective function is:
in which x represents the problem's control variable vectors, that is, the P DGNk power; and the λ parameter is the Lagrange multiplier. Differentiating the augmented objective function (23) in relation to the k-th control variable, P DGNk , and in relation to the λ parameter, the following expressions are obtained:
The objective function reaches a minimum if the partial derivatives in (24) and (25) 
Then, isolating (20) from the results obtained in (14) the following are obtained:
Energies
while replacing (20) in (26), results in:
Matching expressions (28) and (29) and isolating the terms with the ∂LP j ∂PG k derivatives and the λ parameter on the left side, results in:
Replacing the power summation in (6) and (30) and solving:
the first expression for the solution is obtained, in its expanded form, given as:
From (27) , the second expression is rewritten, isolating the PG j terms and obtaining:
Solution Procedure
The method adopted for solving the distribution system power flow problem was suggested in [27, 28] , using the power summation algorithm, which consists in reducing the modelled systems to only two nodes, starting from the substation (slack bus), where the voltage magnitude is known and from the power on the second node, represented by the summation of all powers from the nodes downstream of slack bus. For this purpose, (8) is used, relating the node voltage at the side of the load, V j , with the known voltage in the node at the side of the source, V S .
To calculate the feeder's energy losses gradient in relation to the generator nominal power,
it is necessary to obtain (16) , from the knowledge of the partial derivatives
The partial derivatives for the active power summation,
, and reactive power summation, To solve the energy losses minimization problem, the Gauss-Jacobi iterative method is adopted, starting with the application of initial conditions to the control variable vector, x. For this, according to the solution procedures, demonstrated in the Appendix B, the general matrix form is obtained from expressions (32) and (33), as follows:
where dLP i = CF i NB j=1
∂LP j ∂PG k and the coefficients β 11 , . . . , β nn , to n = NB branches are written as:
The σ 1 , . . . , σ n values are calculated as in (31) and P con = NB j=1 PL j + NB j=1 LP j is defined as the active power consumed by the loads and in the form of line losses.
For the entire insolation period, with i = 1, 2, . . . , NI intervals, (34) is rewritten in its general matrix form as:
The matrix Equation (35) composes the system of resolution of the minimization problem, where σ (1)i , . . . , σ (n)i values, as well as the term P coni , in its terms NB j=1 LP j , are dependent on the injected power values, PG j , which can be solved by the Gauss-Jacobi iterative method. Thus, from the initial conditions for the distribution feeder, the values for the terms σ (1)i , . . . , σ (n)i , P coni , are calculated and then added up, for i = 1, 2, . . . , NI intervals. The variables PG 1 , . . . , PG n , λ are then calculated by the inversion of their coefficient matrixes, updating the terms σ (1)i , . . . , σ (n)i , P coni for each iteration, until the convergence of the algorithm is reached. Each active power inputted by the k-th generator, PG k , found by the iterative method and calculated at the end of the NI intervals, is converted to match the nominal power of a corresponding k-th PV generator P DGNk from the CF i . factor. The solution method for the optimization problem is presented in the flowchart displayed in Figure 3 . 
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Case Study and Test System
The optimization method was evaluated for the IEEE 37-bus test system, whose characteristics 
Discussion
Case Study and Test System
The optimization method was evaluated for the IEEE 37-bus test system, whose characteristics are described in [30] . This system was adapted to the 36-bus system presented in Figure 4 , from the grouping of two load buses and increased loading, by multiplying the load by a factor of 4. The name adopted for the branch and node follows the suggestion in [27] , where the number of each load side node, or receiving node, j, is the same as the branch it is attached to, for j = 1, 2, . . . , NB, as displayed in Figure 4 . 
Discussion
Case Study and Test System
The optimization method was evaluated for the IEEE 37-bus test system, whose characteristics are described in [30] . This system was adapted to the 36-bus system presented in Figure 4 , from the grouping of two load buses and increased loading, by multiplying the load by a factor of 4. The name adopted for the branch and node follows the suggestion in [27] , where the number of each load side node, or receiving node, j, is the same as the branch it is attached to, for j = 1, 2, …, NB, as displayed in Figure 4 . As a case study, the suggested methodology is evaluated by a radial distribution feeder, since this is the typical operation setting in the Brazilian system of medium voltage distribution. Moreover, the choice for a radial test system is related to the method adopted for load flow solution, which is the power summation method, and to the gradient calculations form, or tree gradient calculation, which uses the network's radial typology features. It should be emphasized that, as for the Brazilian system, the meshed grids typically operate under a low voltage, and that the power summation method adaptation is not efficient. A triphasic radial distribution system was presumed, represented by single line diagram sections, in accordance to the electrical equivalent used in [27, 28] . As the evaluated feeder's distribution rated voltage is 13.8 kV, the line shunt capacitances were not taken in account. As a case study, the suggested methodology is evaluated by a radial distribution feeder, since this is the typical operation setting in the Brazilian system of medium voltage distribution. Moreover, the choice for a radial test system is related to the method adopted for load flow solution, which is the power summation method, and to the gradient calculations form, or tree gradient calculation, which uses the network's radial typology features. It should be emphasized that, as for the Brazilian system, the meshed grids typically operate under a low voltage, and that the power summation method adaptation is not efficient. A triphasic radial distribution system was presumed, represented by single line diagram sections, in accordance to the electrical equivalent used in [27, 28] . As the evaluated feeder's distribution rated voltage is 13.8 kV, the line shunt capacitances were not taken in account.
According to [26] , the Brazilian Normative Resolution from the Brazilian Electricity Regulatory Agency outlines the DG access conditions and implants the electrical power compensation system, whose decision to install the PV generation system is taken by the electrical power consumer. Thus, the power distributor company has no control over the DG's optimal siting. Considering the stochastic nature of the PV generation connection problem, we presumed herein that all of the test system's load buses can be PV generated, since the decision to install a PV system comes from the prosumers connected to the buses, i.e., due to the diffuse PV generation penetration, we considered the possibility of active power generation in each terminal node from each of the feeder's branches. As defined in Section 2, the loads at the systems' buses were presumed to have constant power and their loads were measured for each ∆t i interval in the insolation period, calculating the LF i factors, in compliance with (3).
Numerical Results
In order to demonstrate the effectiveness of the proposed methodology, three location and PV generator integration scenarios were considered in the system presented in Figure 4 , aside from the base scenario, in which there is no allocated DG in the system. Scenario I considers the existence of only three nodes with PV generation, diffusely distributed and with distinct feeder derivations. In Scenario II, PV generation is concentrated in a set of neighboring nodes in a single feeder derivation. Finally, the existence of uniform distributed PV generation is presumed for all of the feeder's load nodes in Scenario III, in a context of wide DG integration. Different DG penetration levels were defined for each proposed scenario, from the limits for the relation between the generation installed power (P DGNk ) and the power provided for the consumer unity (P Ak ), as described in Section 2.
The algorithm proposed for this study was implemented using the free source software Scilab, in which the scenarios were simulated in order to obtain the energy losses and slack bus flow minimization, as presented in Table 1 . in nodes 1, 4, 6, 8, 10,  11, 12, 13, 15, 17, 18, 20, 21, 22, 23, 25 The combination of the DG integration scenarios and the power penetration levels, from the different limits for the relation
, resulted in twenty-two scenarios, also considering the integration condition without the available power constraint in the simulation. Thus, the system's total energy losses and slack bus energy flow calculated for the daily insolation period, as well as the PV active power generation sizing for each scenario, are presented in Also, as displayed in Table 1 , with the increase of the relation P DGNk P Ak limits, the energy losses and the slack bus energy flow continue to decrease, up to a certain amount, in all three scenarios. Since the Lagrange augmented objective function in (23) incorporates the concurrent functions of minimizing system energy losses and the slack bus energy flow, we can state that the problem therefore has multiple objectives. Thus, Table 1 The decreases in feeder energy losses in the daily PV generation during the insolation period were evaluated for a condition of increasing DG power penetration, starting from higher increase rates for the
limits. The reduction in energy losses in Scenario I, where the percentage reduction begins at roughly 16% and rises to nearly 60%, is displayed in Figure 5a . By releasing the problem from the available power constraint and higher PV penetration, the reduction stabilizes at P DGNk P Ak = 10 (Figure 5a ), followed by a slow increase in feeder losses. Thus, Scenario I, with only three DG allocation nodes, displays a drop in the percentage reduction, which then stabilizes at higher PV penetration levels.
Figure 5b presents the reduction curve for Scenario II, where the initial reduction is close to 40%, even though higher PV penetration levels induce the return of loss rates to those in the base scenario and, thereafter, an increase in the distribution feeder's energy losses (crossing point
. In Scenario III, Figure 5c , the initial energy losses reduction is significantly higher than those from the previous scenarios, close to 71%, with reduction stabilization of around 70%, reaching the optimal energy losses minimization for this scenario. The optimal PV generation sizing for Scenarios I and II are displayed in Figure 6a and Figure 6b , respectively. They indicate the increase in nominal power generation allocated to each node, in line with the increase of the available power relations (1, 1.1 and 1.4) . Figure 6c presents the DG sizing of the PV type for Scenario II, but only for the relation ≤ 1. The optimal sizing for the nodes shared by all scenarios is obtained using the same nominal allocated PV generation power, thus being restricted to available power. In addition, the nodes displaying higher installed loads in the 36-bus test system present higher nominal PV generation power, as in the case of node 1 in Scenario III, Figure 6c , with PV generation sized as 939.15 kW. The optimal PV generation sizing for Scenarios I and II are displayed in Figure 6a ,b, respectively. They indicate the increase in nominal power generation allocated to each node, in line with the increase of the available power relations (1, 1.1 and 1.4) . Figure 6c presents the DG sizing of the PV type for Scenario II, but only for the relation P DGNk P Ak ≤ 1. The optimal sizing for the nodes shared by all scenarios is obtained using the same nominal allocated PV generation power, thus being restricted to available power. In addition, the nodes displaying higher installed loads in the 36-bus test system present higher nominal PV generation power, as in the case of node 1 in Scenario III, Figure 6c , with PV generation sized as 939.15 kW.
The daily PV energy production curve and the distribution feeder's load curve were divided into ten intervals for the entire insolation period. Table 2 displays the PV generation capacity and distribution feeder load factor timetable calculated for each ∆t i = 1 h, used in the optimization algorithm. Table 3 highlights the minimum and maximum voltages for the 36-bus system before and after DG sizing and installation, for the base case and all assessed scenarios. The voltages are all within reasonable limits, with a maximum voltage of 1.00 pu, even after DG integration. The technical limits for the cables in each of the feeder lines were also assessed, and none exceeded current limits. The voltage dependence on the distribution network in relation to the power that is effectively generated by each PV generator was taken into account in the problem approach, according to the solution procedure presented. However, in the simulations and in the numerical results, we confirmed that the operational voltage limits in the nodes didn't become active. Since the Lagrange's augmented objective function suggested includes activities to minimize the energy losses in the feeder as well as the energy flow in the slack bus, we confirmed that the network currents were reduced, and the voltages always operated near their nominal value. In order to assess the proposed methodology sensibility concerning the sizing of the PV generation nominal power, the scenarios were simulated to obtain the minimization of energy loss and flow in the slack bus under decrease and increase of the typical daily production curve. The simulation results are presented in Table 4 , which considers three levels of PV generation daily production (typical, minimum and maximum). It is possible to see that the system's total energy losses and energy flow in the slack bus are approximately the same for the three levels of PV production in the same scenario, since the system's operating point is the same. However, the PV generation nominal power sized changes in comparison to the typical daily production curve and presents a relationship that is inversely proportional in relation to the PV production's minimum and maximum levels. 
Conclusions
Studies aiming at the analyses of possible impacts of a higher renewable distributed generation penetration in distribution systems have great relevance. To this end, both conventional techniques and metaheuristic algorithms for optimal renewable DG integration are currently being reviewed. The analytical method proposed herein makes the solution feasible for up to two iterations using the Gauss-Jacobi method and Lagrange multipliers. In addition, the proposed optimization method using gradients ensures better convergence, since it does not use the arbitrary step as in the pure gradient method, for situations where the search for an exact linear solution is computationally unfeasible. This method also ensures less computational effort, since it does not involve the Hessian matrix, as required by Newton's method.
The determination of optimal PV generator nominal power, considering capacity and variable load factors during the insolation period, allows for a more thorough examination of the loss minimization problem, since it does not analyze only load peak conditions in a single demand and generation scenario.
The energy balance constraint limit, which aims for energetic feeder independence alongside the Lagrange augmented optimal function transformed the minimization problem into a multi-objective one, since it incorporates the concurrent functions of reducing both feeder energy losses and slack bus energy flow. Thus, feeder independence is achieved in some of the simulated scenarios, but with increased energy losses. This study demonstrates that available power constraint limits the installed nominal PV power, reducing the benefits of loss reduction in a system with few and disperse generation buses (Scenario I). The simulations also indicate that higher power limits for generation induce higher loss reduction rates up to the different limits observed in each scenario. A higher concentration of PV generators in a set of feeder-neighboring nodes (Scenario II) led to a reduction in the operational efficiency of the distribution network, with subsequent energy losses. Only the uniform PV units distribution (Scenario III) was able to maintain a stable energy loss reduction rate.
These differences between loss reduction curves reflect the effects of the DG location in the feeder. A higher concentration of PV generator in a set of feeder-neighboring nodes is less efficient for energy loss reduction. The analysis of these scenarios reflects the condition in which sets of consumer units presenting better socioeconomic background and are, therefore, potential PV generation consumers, have the potential to cause a decrease in the distribution network operation efficiency. Suggestion for improving these conditions include the implementation of smart grid controls, changing strategic company planning for renewable DG integration and implementing public policies to reduce asymmetries from regarding the benefits of access to PV generation. Funding: This research received no external funding.
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Appendix A. Deduction of the Bi-Squared Equation Presented in (8)
Assuming any branch of the distribution network, as presented in Figure 2 , the following equations can be verified:
where I is the branch complex current; V s and V j are the complex voltages at the nodes; and V j * is the notation for the complex conjugate.
From Equations (A1) and (A2), the following are obtained:
where δ s and δ j are the phase angles of the voltages V s and V j , respectively. Equation (A5) can be rewritten as:
where θ = δ s − δ j . Separating the real and the imaginary parts of Equation (A7), the following expressions are obtained: Summing the square of (A8) and the square of (A9), the following bi-squared equation is obtained:
Appendix B. Solution Procedure for a Simplified Feeder with Three Branches
In order to demonstrate the solution procedure for the problem using the Gauss-Jacobi iterative method and the general equation form, we will adopt a simplified scenario with a 3-branch distribution feeder (NB = 3), three PV load and generation node connection, as illustrated in Figure A1 .
Separating the real and the imaginary parts of equation (A7), the following expressions are obtained:
Summing the square of (A8) and the square of (A9), the following bi-squared equation is obtained:
Appendix B: Solution Procedure for a Simplified Feeder with Three Branches.
In order to demonstrate the solution procedure for the problem using the Gauss-Jacobi iterative method and the general equation form, we will adopt a simplified scenario with a 3-branch distribution feeder (NB = 3), three PV load and generation node connection, as illustrated in Figure  B1 . ∂LP j ∂PG k = dLP i , the first problem solution, in (32), can be rewritten as:
For an i interval in the insolation period, assuming the length of a fraction of the interval as ∆t i = 1 h, the following expression is obtained for three PV connected generators:
where ϕ jk = 1, if the k node is downstream to the j node or ϕ jk = 0, if the k node is upstream to the j node. Rewriting for NB = 3 branches, the following is obtained: Analyzing (A14) for k = 1, 2, 3 and j = 1, 2, 3 (NB = 3), using β k j coefficients, the following is obtained: 
where P con is the active power consumed by the loads, in the form of distribution line losses. Equations (A15) and (A16) compose the simplified feeder solution system (NB = 3), where values σ 1 , σ 2 and σ 3 , as P con , in the 3 j=1 LP j terms depend on the PG 1 , PG 2 e PG 3 injected powers, which characterizes the use of the Gauss-Jacobi method.
Denoting (A15) and (A16) as a matrix, para n = NB = 3 branches, the following system is obtained: 
For the entire insolation period with i = 1, 2, . . . , NI intervals, the following is obtained: 
The equation system can then be written in its general matrix form, as in (35): 
